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Introduction

Waring decompositions and Waring ranks

Let S = Clxp,...,Xn] = @dzo Sq.

DEFINITION
For F € S4, a Waring decomposition is an expression as

.
F= ZL?, where L; € S;.
i=1

The Waring rank of F is the smallest length of such a decomposition — rk(F).

QUESTION
Given F € S4,
what is rk(F)? How to construct a minimal Waring decomposition?
© @eesw P
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Introduction

Waring decompositions and Waring ranks

e The rank of a generic form of fixed degree d and fixed number of variables
n+1is known (Alexander-Hirschowtiz Theorem, 1995);

e the rank of binary forms (n = 1) is known (Sylvester’s Algorithm);
¢ the rank of monomials is known (Carlini-Catalisano-Geramita, 2012);
¢ the rank of ternary cubics is know (classical, e.g., see Landsberg-Teitler);

e algorithms to compute minimal Waring decompositions and ranks have
been presented (Brachat-Comon-Mourrain-Tsigaridas, Oeding-Ottaviani,
Bernardi-Gimigliano-Ida,...
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Introduction

Waring and forbidden loci

DEFINITION (Carlini-Catalisano-0.)

For F € Sq4, the Waring locus of F is the locus of linear forms that can appear
in a minimal Waring decomposition of F, i.e.,

We = {[L] €P(Sy) | ILy,...,L €Sy st. Fe (L4 LY, ..., LY and r = rk(F)}.

The forbidden locus of F is the complement Fg := P(S;) \ Wk.
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Introduction

Waring and forbidden loci

“Waring loci should be considered in the space of linear forms
with the essential number of variables”

DEFINITION
The essential number of variables of F € C[xg,...,X,] is the smallest m such
that F € C[zy,...,zm], where z(xg,...,Xy)’s are linear forms.
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Introduction

Waring and forbidden loci

“Waring loci should be considered in the space of linear forms
with the essential number of variables”

DEFINITION

The essential number of variables of F € C[xg,...,X,] is the smallest m such
that F € C[zy,...,zm], where z(xg,...,Xy)’s are linear forms.

LEMMA

Let F € Sq4 and assume that F € C[zy,...,zy], where zi(Xo,...,Xn)’s are linear

rk(F

forms. If F= 37" LY, then L; € Clz, ..., zm).
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Introduction

Waring and forbidden loci

“Waring loci should be considered in the space of linear forms
with the essential number of variables”

DEFINITION

The essential number of variables of F € C[xg,...,X,] is the smallest m such
that F € C[zy,...,zm], where z(xg,...,Xy)’s are linear forms.

LEMMA

Let F € Sq4 and assume that F € C[zy,...,zy], where zi(Xo,...,Xn)’s are linear

forms. If F = Zrk(F LY, then L € Clz, . . ., zm).

Hence, if H= ([zq],...,[zm]) ~ P™! C P(S;), then Wg C H.
@ [8eesmr PHE0T
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Introduction

Waring and forbidden loci

“Waring loci can be used to construct
iteratively minimal Waring decompositions”

Indeed, if [L] € Wk, then there exists A € C such that
rk(F + ALY) = rk(F) — 1.

In particular:

THEOREM (Mourrain - O.)
If F € Sq and rk(F) > r°(d,n), where r°(d,n) is the Waring rank of a generic
form in Sy, then Wk is dense in P(Sy). @ @oo O
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Introduction

Waring and forbidden loci

“forbidden loci might be used to find forms of high rank”
Indeed, if [L] € FF, then, for any A € C,
rk(F + ALY) > rk(F).

In general, we do not know the maximal Waring rank of forms of fixed degree
and we are not even aware of forms of rank higher than the generic one.
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Introduction

Waring and forbidden loci

“Waring and forbidden loci are constructible, but...”

...as we will see, they can be open, closed or neither one or the other.

Moreover, we do not know if the forbidden locus is always non-empty (in all
our examples, it does).
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Waring loci via Apolarity Theory

Apolar action

Let S = Clxo, ..., Xn] = @y>0Sa and R = Clyo, ..., yn] = Dy>¢ Ra-

Consider the apolar action of R on S as partial derivatives, i.e.,

o:RxS — S
(G,H) — GoF:=G(dy,...,0n)F

DEFINITION
Given F € S4, we define the apolar ideal of F as

F1 ={GeR|GoF=0}CR.
@ [8eesmr PHE0T
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Waring loci via Apolarity Theory

Apolarity Lemma I

LEMMA (Apolarity Lemma)
The following are equivalent:

e Fe(L{,...,Ld);
o F+ D I(X), where X = {[L{], ..., [L:]} € P(Sy).

DEFINITION
A set of points X whose ideal I(X) is contained in the apolar ideal of F is said
to be apolar to F.
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Waring loci via Apolarity Theory

Apolarity Lemma II

The definition of the Waring and forbidden loci can be rephrased as follows.

DEFINITION

For F € §4, the Waring locus of F is the set of points which can be completed
to a minimal set of points apolar to F, i.e.,

We = {P €P" | IX = {P,Py,...,P,} s.t. FL S I(X) and r = rk(F)}.
The forbidden locus of F is the complement Fg := P" ~. Wk.
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Waring loci via Apolarity Theory

Waring loci of binary forms I

The apolar ideal of a binary form F € S4 = C[xg,x]q is of the form
F+ = (Gy,Gy), where deg(G;) + deg(Gy) =d + 2.

The ideal of a reduced set of points in P! is a principal ideal with a square-free generator.
Sylvester’s Algorithm.

e Compute F*, say deg(G;) < deg(Gs);

e if Gy is square-free, then rk(F) = deg(Gy);

e otherwise, there is a square-free polynomial GiM + Go and rk(F) = deg(Gg).
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sia Apolarity Theory

Waring loci of binary forms II

THEOREM (Carlini-Catalisano-0.)
Let F € Sq = C[xo,x1]q and F+ = (Gy, Gz), with deg(Gq) < deg(Gz). Then:

. if tk(F) < [dﬂ then Wi = V(Gy);
o if tk(F) > [dﬂ then Fy = V(Gy);
o if 1k(F) = [d“-‘ then: if d is even, then Fr is finite and not empty;

if d is odd, then Wy = V(Gy).

COROLLARY

Let F € Sq such that tk(F) = r > [4}]. For any [Ly],...,[Ls] € Wy, for s =r — [4],

there exists Lgyq,...,L € Sy such that F e (Ly,.. .,Lr>.

@ [oosm Pu
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Waring loci via Apolarity Theory

Waring loci of monomials I

Let M=xp"---xi", with 0 <ag=a;=... = am < amy1 < ... < an.

Recall that, by [Carlini-Catalisano-Geramita], we have rk(M) = ﬁ [T o(ai+1).

THEOREM (Carlini-Catalisano-0.)
In the same notation as above, Fy = V(Yo - Ym)-

Proof.

Recall that M- = (y2™ ... y&™). Let P=1[po:...:pu] & V(yo---ym); assume po = L.
Then, let
Hy =yt — pf St if i #£ 0, and Hi = yi*™ — yiyly, if pi = 0.

13

Then, (Hy, ..., H,) defines a minimal set of points apolar to M and containing P.
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Waring loci via Apolarity Theory

Waring loci of monomials II

Viceversa, let X be a minimal set of points apolar to M, i.e., I[(X) C F*. Then, let
X =X~ {Xn{xp =0}}, ie., I[(X) =I(X) : (x0).

Now, recall that:

¢ the Hilbert function of the quotient ring of a set of reduced points is increasing,
until it stabilizes to the cardinality of X; hence,

[X'| = HFg/yxy(d),  for d > 0;

e since Xo is a non-zero divisor of I(X’), the Hilbert function of R/(I(X") + (yo)
corresponds to the first difference of the Hilbert function of S/I(X’); hence,

HFR/100)(d) = D HFr/ee)+ o) (1), for > 0;
= @ oo P
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Waring loci via Apolarity Theory

Waring loci of monomials III

e since I(X) C F*, we have that
I(X) : (o) + (yo) € F* & (vo) + (o) = (vo. "™,y ™)

In conclusion,

deg(F) n
’ 1Y . —
LR ED I e O | CRR !
i= i=

i.e., X does not have points on {xo = 0}. Similarly for any {x; =0}, with i=1,...,m.
O
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Waring loci via Apolarity Theory

Waring loci of plane cubics I

(e.g., see [Landsberg-Teitler])

Type Description Normal form Waring rank
(1) triple line 5% I
(2) three concurrent lines XoX1(Xo + X1) 2
(3) double line + line x3x1 3
1) smooth X3+ X3 + x5 3
(5) three non-concurrent lines XoX1X2 4
(6) | line + conic (meeting transversally) Xo(X1X2 + X%) 4
(7) nodal XXXz — (X1 + x2)3 4
®) cusp X3 — X¥xg 4
9) general smooth (a® # —27,0,6%) Xg + Xf + xg’ + axpX1Xg 4
(10) line + tangent conic Xo(XoX1 + X3) 5 -
€ [&eeswer PEEC
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Waring loci via Apolarity Theory

Waring loci of plane cubics I

LEMMA (Carlini-Catalisano-0.)
Let F € C[xg, x1,X2]s of rank 4. Then, F is a cusp if and only if has a minimal
apolar set of points with three collinear points.

Proof.
Assume F = x3 — x2xy. Then, consider x3 + 37, Li(x, x2)°.

Viceversa, we may assume that F has a minimal set of point given by the union of
[xo] and three collinear points on {yo = 0}. Le.,

(Yo) N (¥, ¥2) = (Yoy1,Yoyz) C F*.

In particular, F = Xg + G(x1,x2), where G is a cubic of rank 3, i.e., G = L2M, for some
linear forms L, M. [
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Waring loci via Apolarity Theory

Waring loci of plane cubics III

“The Waring locus might be neither open nor closed”

THEOREM (Carlini-Catalisano-0.)

Let F= xg — xfxz be a plane cubic cusp. Then,

W = [Xo] T Wy, = [xo] T (P(Clxt, xo]1) \ [x] ).
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Waring loci via Apolarity Theory

Waring loci of plane cubics IV

As regards plane cubics of rank 4 which are not cusps, we consider the
following strategy:

o let £L=(F!)y = (C,Cq,C3): minimal set of points are given by complete
intersections in £;

e for any P € P?, consider £(—P): if it has 4 base points, then P € Wg;
otherwise, P € Fy;

e the ideal of four points which are a complete intersection contains three
reducible conics: inside P(L) let A be the cubic of reducible conics, if the line
L(—P) is a proper tri-secant line, then P € Wk, otherwise P € Fy.
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Waring loci via Apolarity Theory

Waring loci of plane cubics V

Hence, if F is a rank 4 ternary cubic which is not a cusp, consider
L = (Ft)s = (Cy,Cy, C).

Let A ¢ P(L) be the dual curve of lines which do not intersect properly the
cubic of reducible conics A C P(£) and consider

0: P2 —P(L), ¢((a:b:c))=(Ci(a,b,c): Cya,b,c): Cs(a,b,c)).

Fr=¢ ().
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Waring loci via Apolarity Theory

Waring loci of plane cubics VI

“The forbidden locus can be very small”

THEOREM (Carlini-Catalisano-O.)
Let F = xo(xox1 + X3 be a plane cubic of rank 5. Then, Fr = {[xo]} C P(Sy).
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Waring loci via Apolarity Theory

Waring loci and Symmetric Strassen’s Conjecture I

CONJECTURE (Symmetric Strassen’s Conjecture)
Let F; (C[Xi’(), d0C 7X'L7”i]d’ for i=1,...,s. Then,

rk (ZS: FL) = Zs:rk(Fl)
i=1

i=1

THEOREM (Carlini-Catalisano-Chiantini-Geramita-Woo0)
The Symmetric Strassen’s Conjecture holds if the Fi’s are:

e monomials;

: : e x3(x3 +...+x0), for a+1>b;
e forms in one or two variables; 0(xg + -+ xp) +1=2

[ ]
[ ] X%(X‘f + e + XEL)’ fO]’ a + 1 Z b; @ w BGSM 95\[&&5!\(‘,1,\
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Waring loci via Apolarity Theory

Waring loci and Symmetric Strassen’s Conjecture II

CONIJECTURE (Strong Symmetric Strassen’s Conjecture)
Let F; € C[xi0,...,Xin]d, for i=1,...,s. Then, every minimal decomposition of
F =3 F is a sum of minimal decompositions of the Fi’s.

REMARK
Let F; € C[xo, ...,%s] and Fy € [yo,...,ym]- Then,

We, C{yi =0} ~P"Cc P""™  and Wk, C {x; = 0} ~ P™ C PP+t
CONJECTURE (Disjoint Waring loci Conjecture)
Let F; € C[xi0,...,Xin]d, for i=1,...,s. Then, W = []; Wk..
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Waring loci via Apolarity Theory

Waring loci and Symmetric Strassen’s Conjecture III

THEOREM (Carlini-Catalisano-0.)
Disjoint Waring loci Conjecture <= Strong Symmetric Strassen’s Conjecture

N 7

Symmetric Strassen’s Conjecture
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Decompositions of low rank forms via Waring loci

Equations for Waring locus via regularity I

Given a set of points X, let p(X) be the regularity index of X, i.e.,
min{i | HFs;cx) (i) = [X]}.

LEMMA (Mourrain-0.)
Let F € Sq and let X be a minimal set of points apolar to F. Assume d > p(X).
Then,

IX)); =F, V0<i<d-p(X).

Idea of the proof.
cati(F) = vang_(X)T - D - vani(X), D is a diagonal matrix.
For d — i > p(X), we have that vang_i(X) is injective. Hence, the kernel of cat;(F),
i.e., Ff coincides with the kernel of van;(X), i.e., I(X);. @ gg)ecsm Q
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ecompositions of low rank forms via Waring loci
D t fl k f Waring |

Equations for Waring locus via regularity II

THEOREM (Mourrain-0.)
Let F € S4 and let X be a minimal set of points apolar to F.
Assume d > 2p(X) + 1. Then,

I(X) = (F") <041

Moreover, X is the unique minimal set of points apolar to F.
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ecompositions of low rank forms via Waring loci
D t fl k f Waring |

Equations for Waring locus via regularity III

QUESTION
Let X and X’ two minimal set of points apolar to F.

What algebraic properties they share? E.g., do they have the same regularity?
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Introduction /¢ a Apolarity Theory Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank 4 I

| B =

EXCELENCIA
88/BGsM 9 MARIA
y DE MAEZTU

A. Oneto - Waring loci and decompositions 29 / 35



Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank 4 II

* F has two essential variables, i.e., HFg g1 (1) = 2.
° FJ_ = (L17 000 ’Ln—b G17 GZ)’
e apply Sylvester’s Algorithm:

e if d=4,5,6, then I(X) = (Ly,..., La_1,GH + aG,);
o if d >7, then I(X) = (Ll, 5 0 0 o \gpils Gl)
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Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank 4 III

F has three essential variables, i.e., HFg p. (1) = 3.

e if d =3, then V(Fy) =P+ D, where P is reduced and
D is 0-dimensional of length 2:

. any minimal set of points is PUX/, where X’ C (D) ~ P!,
— e if d =4, then V(Fy) =PU/, where P is reduced and ¢
is a line:

any minimal set of points is PUX’, where X' C /.
e if d > 5, since p(X) = 2, then [(X) = FZ,.
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Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank 4 IV

F has three essential variables, i.e., HFg g1 (1) = 3.

if d =3, then V(Fy) =0 and Wk is dense; hence, start
from a generic linear form and reduce the rank;

if d > 4, then I(X) = F5.

\
\

F has four essential variables, i.e., HFg g (1) = 4.
I(X) = F}.
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Introduction Varing loci via Apolarity Theory Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank 5
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Decompositions of low rank forms via Waring loci

Decompositions of symmetric tensors of rank <5

THEOREM (Mourrain-0.)

Huaerr Exrna ALGORITHM TO FIND 4 MINIMAL APOLAR SET
SEQUENCE CONDITION oA AL APOLA
I 1l

)= (PP

T and (f;") defines the pownt apolar o ]
esséntial v

@ TA3%3T g
Sylvester algorithm is applied; o Pi's Mi sm)wie points -
1) 5.3, gmmc point on
(i) f fiip, defines a set of I(f) reduced points, then C te i it e ey
@ u’Z({[’) )={P..... Py} is a set of 4 reduced points,
k(

=5, and a minimal set apolar to f

k(F) = 1(f);
(i) otherwise, tk(f) = d+ 2 — I(f) and

a minimal apolar set is given by the principal ideal

generated by a generic form 4 & j;

)" [18.5,4,1] (023 tev P, be a generic point on Ly, for 1= 1,2, Tespectively
,,,,,,,,,,,,,,,,,,,,,,,,, L;'are distinct lines muic be a scalar such that f; = [ - e;fh,
W A33T (/3 =P0D, (7 4 forie 1,2
P is simple point then, we find the scalar ¢ such that f' = f — cf} @ U.Z(Ulm S Pr . Pa}. for cither i =1 or =9,
D connected, 0-dim has o exsential vartables and e apply then, tk([) = 5, and a minimal apolar set of f is
Sylvester algorithm to [' as in (3) Pbr.

(i) otherwise, r‘k(‘f) >5

5 nm{, “for'a generic P s yeneric &£ £ 0

® 1337 57
s;ck n:aq: ﬂ;{+nt% l.:a zer;a’am cubic ST BT (P T TAT
AT - of runk 4 and we apply (1) to o s are reduced points | __________________________.
© [1,33%31] 1 {P1, Py, 12)” [r441] Z(f#)=PUH P is a point of any minimal apolar set; then, we find

%
thee essential variables and we apply (3) or (4) to f7 _

7

5 and the unique minimal apolar set &s Z(f5)

Pisa m{umf pomf. the scalar ¢ such that f* = f —
PgH

) TA3%3T Z(ff) = PUL P is a poini of any minimal apolar s
P is simple point then, we find the sealar e such that f' = f — cf%
L is line, P § L has two essential variables and we apply
Sylvester algorithm to f' as in (2)
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Decompositions of low rank

Grazie Mille!
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